Maths 


Frequency Distribution 


We divide data into classes 
Data: 3,4,4,12,15,31,32, 36, 38, 41,45, 46,46,37,39 


Class(x) 

0-10 

10-20 

20-30 

30-40 

40-50 

Frequency(f) 

3 

2 

1 

6 

4 


Can be turned to : 


Histogram (Bar Chart) 

1- X-axis represents classes and must be continuous (if a class Histogram has no 



Frequency Polygon (joined lines) 


We connect between the midpoints of every bar 

Frequency Polygon 



Comulative frequency polygons ( OGIVE) 


We make a new table of x t and yi 

x t ■ is the largest value in the class border 
y t : add the class's frequency to the frequency of the previous ones 


x i 

10 

20 

30 

40 

50 

3 h 

3 

5 

6 

12 

16 


























OGive 



Circle { Pie chart) 


We divide the circle into segments, every segment's angle depends on it's 
frequency according to 

e, = l (2,r:) = l (360) 

«= in 


A 

MF'- 


Good example on how to solve : 


<* ,*><*, “*” L eUi 
« paoWi.W- 


CD 


























Data propertie 


S 

For any data I can get: 


(1) Average 


Mean 

Median 

Mode 


(2) Standard Deviation S.D a 


1-1 Mean 


With repeat 

Without repeat 

Short-cut method 

„ , , (E/l*l) 

Mean(fi) = ^ 

xp. is the midpoint of class period 
if class is a number then it is x t 

a ■ mean of centres of classe 

: j 

Yfidt 

B> < l = a+ nr 

-,d i = x i -a 
a : any number 


2 Standard Deviation a 



Shortest method 

a = 

A 

(Iflix, - ^ 

1 

a = 

A 

Zfidf (lf,d,\ 2 

V s/i J 

If, V I/, ) 


Median 


For normal set of numbers 


n(odd) 

n(even) 

|(n + i) 

1 1 

2 n ’ 2 {n + V> 


For a table 

We get and search for it in the cumulative column then the class is the median class 
After determining the median class (looking at cumulative) then, 



L ■ lower limit of median's class 

f : frequency of median class 
C ■ comualtive frerquency of previous class 

i : width of median class 

N--Y.fi 






























Mode 


We determine its place in the class with largest frequency 

f-f-l 


Mode = L H 


2/-/-1-/1 


L : lower limit of mode class 
f : frequency of mode class 

/_! =:- before 

fi : ~~ after 
i : width of mode class 


Scatter diagram 


To Show points (x,y) on a rectangular coordinate system 
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dined ItAtar ftrr. immerse Itoeor ftrr. Don linear Corv. cow. 


Correlation coefficient 


Quantitative 

Quantitative; Qualitative 


<±ujjil (jk. Jjj jl — CjUIu 

Linear, Pearson "r" 

Rank, Spearman "p" 

n'Zxy-'ZxT.y 

Gs 

M 

a. 

VnIx 2 -(Ix) 2 VnIy 2 -(Ey ) 2 

F [n(n 2 -l)J 


(d : rank x — rank y) 


Type of correlation 


—1 < corr.coeff.< 1 

1 

~0.5 

0 

+ve 

-ve 

Complete corr 

Medium 

No corr 

direct 

inverse 

> 0.5 
Strong 

< 0.5 
Weak 












































Prediction; Regression 


Get prediction equation (relation between x,y ) 

Linear predict equation y — a + bx 

_ n^xy - £x£y 

n£* 2 -G» 2 

a = Y-bX 

X=^;Y=^ 
n n 

from that equation we can get value of any y as x known 

Multiple Correlation 


We get r for every pair 

_ _ n T.X 1*2 ~ Z*lZ*2 _ 

ri2 JnW - (S^i) 2 AW - G> 2 ) 2 

- 2xi2x 3 

rio — —, —. 

- OX) 2 V«2>3 2 - Q> 3 ) 2 

= _ ^*2*3 - ZX 2 ZX 3 _ 

23 Jn £x 2 2 - G> 2 ) 2 Vn^Xg 2 - djx 3 ) 2 


To get /?i,/? 2 ,/? 3 we have 2 methods 


Xi=Pi+ P 2 x 2 + P 2 x 3 


method (1) 


Xl=Pl + P 2 x 2 + ff 3 x 3 



*£ 

E*i = n/? x + /? 2 £x 2 + p 3 £x 3 

(1) 

* *2 ^ £ 

Y X 1 X 2 = PiYjX 2 + fi 2 YA + P 3 Zx 2 X 3 

(2) 


2xix 3 = /?i2x 3 + /? 2 2 x 2 x 3 + p 3 2x| 

(3) 


method (2) 



We solve 1,2,3 together to get /? 1( p 2 , P 3 

























r 2 — 



°3 — 



, E*1 ^ 

/Vote : -= X 1 = n Xi 


X 1 ~ @2 X 2 + /?3 X 3 


„ _ o - ! / r 12 - r 13 r 23 \ 

ft_ *V i-4 J 

„ _ o - ! /r 13 - r 12 r 23 \ 

A -*rs= 3 -j 


Proofs 


Y.fidi 

Show that for any value of a if d t = x t — a that n = a + 


2>ifj 

H = but dj = xj — a -» X; = dj + a 


_ Z(dj + a)f t _ EM , Ef ia _ Efjdj ^ Zf, _ ^ Efidi 

^ Efi Zfi Ifi Zfi Sfi Zfi 


shortest method ,prove a = 



IZfi(Xi - VO 2 


Zfi 


o 2 =^ Ef| [xf - 2HXJ + H 2 ] = [EfiXf - 


IXjfj 

' Efi 
2(ZfjXi) 2 
Efi 




EfjX 2 

Efi 



(EfiXj) 2 Efi 1 

(Efi) 2 J 
















show that for any value a <T = 


/W'| 2 
If, { If, I 


dj = x ; - a 

Efi = N 


<* = ^Ifi[(xi — a) — (|x — a)] 2 = - (n - a)) 2 

= ^ [ Ifidf - 20 - a)If 1 d i + (H - a) 2 ^ ] 
Sfidi 

^ = a+ ^r 

AI fidi) 2 , (Zfidj) 2 1 


I Sfidf 

/SfidA 2 

J 2 f i 

V 2ft / 


let n x and n y be means of x t and y t , X = x - n x , Y = y - fi y show that 

ZXY ZXY cov(x,y ) 

(4W ) (Vz^) ” ntTxff y ~ ° x(T y 

where a x , a y are standard deviation of x^andyi 

fi = 1 .T.fi = n 


z ZfiCx-^x) 2 1 W 

™-= - Z(x - n x ) 2 


Zfi 


°l = -£X 2 


= -IY 2 


ZXY = £(x - li*)(y - My) = Ixy - ^ y £x - \i x Z y + n x ^ y £l = 

!/*** 1 l v 

^ = T = n S * ; ^ = n Sy 

2XY = £xy - - ^Ixly + i&Zy 

■■■ZXY= Zxy-^Zx Zy ->(i) 

XX 2 = £(x - H X ) 2 = £x 2 - 2n x T,x + M 2 zi 
£Y 2 = £x 2 - 2n M 2 + n M 2 = £x 2 - n M 2 = £x 2 - n (^) = £x 2 - ^ 
•••VZX 2 = [n^x 2 — GX) 2 ] 











Ixy-^Ix£y 


= i[ n £y 2 - 


IXY 


(VlX^)(VlYS) [nZx 2 _ (Sx) 2] ^ [nZy 2 _ (Jy)^ 


Ixy--Ix£y 


nZxy-ZxZy 


H(V[» 2 x 2 -Gx)^]) (V [»Ey 2 - (£y) 2 ]) (V["2> 2 -(M 2 ]) (V [n£y 2 - (SO 2 ]) 


°? = h xl ■ °Z = h Y2 


Y.XY 


ZXY _ cov(x,y ) 


yfna x yfna y na x a y no x a y 


show that i t x _ v = a\ + ol — 2 ra x a, 


£f(x - hx) 2 


If 


I f (y ~ My) 


If 


<*l = “Kx- hx) 2 = ^ Ex 2 - 2n x £x + n^x ] 

°y = -[Iy 2 - 2 ^ y Iy + n ^y] 

_ 10 ~ M%)(y ~ My) 


L. H. S = ai_ y = - £[(x - y) - ^ x _ y ] 

_I(x-y) = Ix_Iy 

n n 

hx-y = hx “ hy 


hx-y = - 


°l-y = ^I[ (X - Rx) - (y - ^y)] 2 = ^ I[ (X - Mx) - (y - Ry)f 

= ^ [ (x - Hx) 2 - 2(x - |i*)(y - My) + (y - n y ) 2 ] 


= <t 5 — 2rovff v + o'? # 


Jet a+y* he ranked individual distinct data then r = 1 — 


6 2d 2 
n(n 2 - 1) 


use :d l = x i -y l i 2 = 


n(n + l)(2n + 1) 


> X = x — n x >Y = y — /ly) r = 


Y.XY 




The mean of Rank x = - 


1 + 2 + 3 + —l-n 



























1 rn 1 n + 1 

^=-[ 2 ( 1 +-)] = — 

_ n + 1 
te y = ^- 

dj = Xj - Yj = (x - n R J - (y - |^ Rz ) =x i -y i 
Jl *> JS iLnt JjUwjai aIY* Zx 2 

i:x 2 = i:(x-h R i ) 2 = ^ [xi-^1] 

i=l 

ZX 2 = Ex 2 - (n + l)£x + (^) 21 -» (1) 

(n(n + l)(2n + 1)) 


same ,£y 2 


(n(n + l)(2n + 1)) 


subs in (1) 

EX 2 = Ex 2 -(n + i)Ex + (ili) 2 !:i 
= (n(n + 1 X2n + l))_n (n + i)2 + (n+l) 2 n 


n(n + 1) rn — 1] n(n 2 — 1) 


IX 2 = 


n(n 2 - 1) 


iy 2 = - 


12 


£XY = l(x-n Rl )(y-n R2 ) 

Zd 2 = Z(X - Y) 2 = £X 2 - 2£XY + £Y 2 

1 r _* , 1 [n(n 2 — 1) 


Id 2 


IXY 


1 [n(n 2 - 1) 

2 _[ 6 


'(Vz^)(Vz^) 


-Zd 2 

-r- ~= 1 — 


6Zd 2 

n(n 2 - 1) 



Get the value of a, b in regression line y = a + bx 


cJ* 



yi + y 2 + - + y n = Xy =na + b -> (*) 

••• YtXiVi = aY,Xi + b £*? -» (**) 
dividing * by N 

l Uy = a + bg x 


5>iyi - 


Myi) . 

N 


= b Z*?- 


GX) : 


••• a = g y - bp x 

N^XiVi - G>i)G>i) 

- Q><) 2 


s/iow t/iat the slope of the regression line 
ay 

y = a + bx ,isr — 
ax 


X = x-p x ;Y- 

Z XY 


y-Vy 


l£(* — fl x ) 2 



y = a + bx -* = na + 

Y,xy = a£x + b Y,x 2 
g y = a + bp x 


Y.XY = £(* - p x )(y - fi y ) = £(* - M*)(a + bx- g y ) = £(* - P x )(a + bx -a- bp x ) 
bX(x-p x ) 2 = bY 1 X 2 


£XY bY,X 2 

{■JW ) (Vs^) ~ (Vsx 1 ) (Vs^) 


KVgg) 4 




IOy 

■■■ b = slope = —- 
a x 














K-mean clustering 


^ - ^e_oMn o\\Jsh^' A 5 


— /> cJcd* J} 



' 





d (C 1 ^l) = V(-) 2 + (-) 2 ) 

d (C 1 S) = A /(-) 2 + (-) 2 ) 

d (C 1 C)=V (-) 2 + (-) 2 ) 

m* , j - 

new centroids C 1X ( , y A ) ; C 12 = ^- 


-V fTYf&j 

d(C 2 yl) = V(-) 2 + (-) 2 
d(C 2 S) = V(-) 2 + (-) 2 
rf (c 2 c) = Vc -) 2 + C-) 2 




Gi = {4} ;G 2 = {B,C} 

'*b + *c y B +yc\ 


Probabilities 


1- 

2 - 

3- 

4- 


Random Experiment 4*^ 1 - i jj*-* 

Sample Space (S) »L^aa: ^uljj ^Ujaill j& 

Event: <Ji.b ilsJaj djja. j* 


Probablity of Event P(A ) = 


o of A elements 
o of S elements 


AJUua.yi ygjjgjl Probability axioms 


1 - 
2 - 


0 < P(A) < 1 
P(5) = 1 



























3 - let A, B are mutually exclusive even Ar\B = <p 
:■ P(A U B)= P{A ) + P{B ) 


Basic Probability Theory 

1) P(0) = 0 

2) P(A C ) = 1 - P{A) 

3) A < B -> PC4) < P(B) 

4) P(,4 - S) = P(,4) - P(A n S) 

5) P(A U B) = P{A + B) = PG4) + P(S) - P(A n B ) 


Proofs 


1) P(0) = 0 


A= AUcf 
P(A ) = P04 U 0) 

P(yl) = P(yl) + P(0) then P(<p) = 0 


2) P(A C ) = 1 - P(7L) 

5 = 4 U 
A c r\A = (f 
P(5) = P(4U 4 C ) 

1 = P(yl) + P(4 C ) 

■■ P(A C ) = 1 - PW 


S 



3) A <B ->P(i4) <P(S) 

P(i4) < P(B) 

B = (S - yl) U 4 
(B - A) r\ A = $ 

P(P) = P ( (B - i4) U i4) 

+ve >0 

P(B) = P(fi - 4) + P(i4) 

••• P(B) > P(i4) 



4) P(A — B) = P(A) - P(A D S) 

4 = (A - B) U {A n 5) 

(i4 - B) D (A n 5) = 0 
P(i4) = P(A - B) + P(A n B ) 
P(X - B) = P(4) - P(A n 5) 








5) P(A U B) = P(A) + P(B) - P(A n B) 


A\JB = (A-B)\JB 

C A-B)nB = <f 

P(A U B) = P(A - B) + P(B) 

= P(A) - P(A n B) + P(B) 

P(A UB) = P(A ) + P(B) - P(A n B) 

6) if A, B are independent events then 
1 — A c , B are independent 

2—A,B c are independent c 
3 — A c , B c are independent 
independency P{A n B) = P{A)P(B ) 

(1) P{A C n B) = P{A C )P{B ) 

B-A = A c r\B 

P(B - A) = P(B) - P(A n B) 

P(A C D B) = P(B) - P(A)P(B) 

= P(B)(1-P04)) = P(B)P04 C ) 
••• /4 C , B are independent 



(2) PG4 n B c ) = P{A)P{B C ) 
4nB c = 4-B 

P04 - B) = P(^4) - P(4 n B) 
P(4 n B c ) = P(A ) - P(A)P(B ) 
= P04)[l - P(B)] = P(A)P(B C ) 
.4, B c independent 


(3)P(A C n B c ) = P(7l c )P(B c ) 

(4 U BY =A c nB c 

P(A C n B c ) = P[(A U B) c ] = 1 - PG4 U B) 

= 1 - P(^4) - P(B) + P(4 n B) 

= (1 - P(4)) - P(B) + P04)P(B) 

= (l-P04))-P(B)(l-P04)) 

= (1 - P(i4)(l - P(B)) = P(A C )P(B C ) 
i4 c , B c independent 


A or B (A + B) 

A U B = P(A ) + P(B ) - P(A (T B) 

A and B ( Ax B) 

AnB = P(A ) * P(B) 

B only 

B nA c n c c 

A depended on B and conditional 

P(A n B ) 

p( " |s) = Wm 

A independent on B and conditional 

P(i4|B) = P(A) 

.■■A,B,A C B C are all independent 

P(B\A ) =P(S) 


P(i4 (T B) = P(A)P(B) 

An B c 

A-B 

C A U B) c 

A c nB c 

P(A C n B c ) 

1-P(A\J B) 


Methods to set probability space 

1- Tree 

2- Crossed Lines 

3- (Possible Events) A (Repeations) 


CaeSar Cipher 


P = (C - K)mod 26 
C = (P + K)mod 26 













Parallel 





E 

1 

2 

1+2 


Pi 

0 

0 

0 


e 2 

0 

1 

1 


e 3 

1 

0 

1 


e 4 

1 

1 

1 



S = {E 1 ,E 2 ,E 3 ,E 4 } 

P(yl)( s to connect to T ) 

P(A) = P(0,1) + P( 1,0) + P( 1,1) 

jlL-aVI JJc.j juaJI <j]L«ua.V <_>»l jSjjj CuiiVI Aita.jJI jjc. 
jaill ‘UlLoj^V (jjl £3 jjj 
<—SJjJal Ale (jjiii jlj£l Cljl j-a JJC. 

P04) = 2 * (0.8) 1 (0.2) 1 + 1 * (0.8) 2 


S = {E 1 ,E 2 ,E 3 ,E 4 } 


P(A ) = P(l,l) 
P(/4) = 1 * (0.8) 2 


R-step Experiment 


If R is experiment has r-step to process 
1 st step has nl ways to process 
2 nd has n2 ways 


rth step has nr ways to process 


The totla number of ways to process R = n-in 2 n 3 ...n r 


l_yax-i Ajja. jjjjl Lji (jjil l_y& (Jail l_uljiul 4 (>> J j' LS^®' (j'jJI 3 U - l-UC’l jjtc- £!Ja-“ 


I 

P(A) = (3) (2) (2) (2) + (3) (2) (2) (2) 












































o^ov 


ftc raJ - Co bur affix* 



Cb: 

bfl 




X5L 


j\v jUd 

2*K«gl : 



Permutation and Combination: 


Combination: 

no of ways to choose r from n without caring about order 


r r! (n — r)! 

Permutation 

no of ways to choose r from n with order 


(n-r)! 


Ex : whats the minimum no of letters to make up 720 words 

n _ 

V720 

solution = —-— = 9 
9*10*11 * 720 
7*8*9 * 720 

10 * 9 * 8 = 720 n = 10 -» P 3 10 = 720 -> 10 letters 
Pf 1 

to be from letter (A, B,C,D) -> P = = — 













Number of ways in grouping data in classes 


After grouping data in classes 

Number of ways of partition n distinct objects into groups containing n 1( n 2 ,..., n k 
n! 

%! n 2 ! -n k \ 

where n = n 1 +n 2 -\ -1 -n k 

Proof 

Show that the number of ways pf the partition object into groups containing n 1( n 2 ,..., n k objects is- 1 - 

n 1 !n 2 !...n k ! 

We can partition n objects into groups by k steps 

First step : shows n x from n to put it in G x -» 

Second step : shows n 2 from (n - n x ) to put it in G x -> C"”" 1 


K step : shows from n — n x — n 2 —-n^-i to put it in G x -> C„ k ni " 2 nk 1 

- Then, total numbre = * C "”" 1 * ... * C ” k ni_n2 nk_1 

n! (n-ni)! , . (n-n 1 -n 2 -n^)! n! 

- 5jC - * ... * - = - 

nlfTi-ii!)! n!(n-n 1 -n 2 )! n] < !(n-n 1 -n 2 -nk-i)! ni!n2!...nk! 


Total Probability 


If sample space S partitions by A 1 ,A 2 ,..., A n where 5 = A 1 U A 2 ... U A n and A t n Aj = cf) and B c 5 
P(B) = P(B\A X )P(.AJ + P(B\A 2 )P(A 2 ) + - + P(B\A n )P(An) 

Proofs 

Show that if A 1 ,A 2 , ...,A n partitions of S and B c 5 ••• P(5) = Yd=i P(P|-A £ )PG4 £ ) 

.'. B = (B n AJ U (5 n A 2 ) U ... (B D A n ) 

■■■ Ai r\Aj = 0 

.-. P(B) = P{B n A x ) + P{B n i4 2 )... + P{B n yl n ) = ^ P(B n A t ) 

P(BnAi ) 



—Hi 


-ftn ^ 






FI. J 

Bnfl» 

^ BnRn 


.•.p(BK)P(^ £ ) = P(Bn^ £ ) 


P(S) = £ P(B|i4 t )P(i4 £ ) 






















Show that P(i4 fe |6) 


_ p(B\A k )p(A k ) _ 

(p(B\A 1 )p(a 1 )+p(B\A 2 )p(a 2 )+-+ p(B|4 n )pQi n )) 


where S = A t \J Aj ,A t n Aj = (f> 


From total probability P(5) = Yi=i P(B\Ai)P(Ai) 


P(4|S)= ^T'P (8|4) = 

•••P(Bn4) = P(4)P(B|4) 


P(B n A k ) 
P(Ak) 


••• P(A k \B)4 


P(BnA k ) 

P{B) 


P(A k )P(B\A k ) 

Z?=1 P(B|iti)P(iii) 


Bay' sTheorem 


Random Variables 


We move the problem from words or events to numbers 

-5- 


1- Can be discrete ( countable) 



2- Continuous 

^S/rO 

> .» i . >; 





CJ 



Types of Random Variable 


Discrete RV 

Continuous RV 

Finite number ( can be limited in a table) 

Much more we used periods a < x < b 


Note ■■ 

f(x ) -» Probability fun 


F(x ) -» C.D.F cumulative 


(1) Probability function f{x) 


Probability Mass Function 
P.M.F 


Discrete Random Varibales 
(D.R.V) 

Probability mass function 
CONDITIONS 

(1) /(x £ ) > 0 

(2) £ /fe) = 1 


Probability Density function 
P.D.F 


Continuous Random variables 
(C.R.V) 

Probability density function 
CONDITIONS 

( 1 )/(*;) > o 

(2) j f{x)dx = 1 


Can be in a table 


X 



P(x) 





-1 ogXcl 

Rx) = 

8 Q 

'S' <2 

6*l = f 2^>X<3 




































(2) Cumulative Distribution Function F{x) 


Continuous 

Discrete 

F(x) = /(x)dx 

(1) F(—°o) = 0 , F(oo) = l 

(3) P(a < x < b) = F(b ) - F(a) 

F(x) = £ /(x) 

(1) F(-oo) = 0 ,F(oo) = 1 

(2) /(x £ ) = F(x £ )-F(x £ -l) 

P(a < x < b) = F(b ) - F(a) 


(3) The Expectation [E(x)] 


4jluia. (jSaj X £3jJ (jls ^I^VI Jai. Jl ‘LuljjixSI tllljaj lj| 


E(x) 

= M 

C.R.V 

D.R.V 

F(x)=[ xf(x)dx 

F(x) = £x/(x) 

J- 00 



F(o(x)) 

C.R.V 

D.R.V 

^(^W) = | g(x)f(x)dx 

= T.g(xi)f(xi) 


^ jX Jjj <£ Jjc g(x) J 


jaujiall j* — AjjLullh]I i" 'V I diti jl.lc.VI 

Properties of Expectation 

(1 )F(a) = a (2 ) E(ax + by) aE(x) + bE(y) 

(3 )E(ax + b) = aE(x) + b 

If x is C. R. V show that E(ax + b) = aE(x ) + b 

£(^U.l£') = J f(x)dx 
••• F(ax + b) = J (ax + b)f(x)dx 

r r ~ 

= a J x f(x)dx + b J /(x) dx = aE(x ) + fr(l) 





















(4) The Variance and standard deviation c-iljaJVIj I 


jjiiail £3j!i]l O' 0 <—0*JI ji jljLo j &> 
^Jm\\ i— iljaJVIcT = yfvjx) 
V(x) = a 2 = E{x 2 ) - (EM ) 2 


V(x) 

C.R.V 

D.R.V 

V(x) = E((.x- l x) 2 ) 

V(x) = E[(x-n) 2 ] 

V(x) = J (x-n) 2 f(x)dx 

nx)=^(x- M ) 2 /(x) 




Properties of Variance 


(1) V{ax) = \a\ 2 V{x) (2 )V(ax + by) = a 2 V(x) + b 2 V(y) 

(3) V (ax + b) = a 2 V(jx) 

if x is CRV show that V(x) = E(x 2 ) - (E(x)) 2 

V(x) = E((x-[x) 2 ) &E(x)=n 

V(x ) = E ( x 2 — 2[ix + ix 2 ) = E(x 2 ) — 2E(x) * E(x) + E(x) 2 = E(x 2 ) ~ (£(x)) 2 

show that V(ax + b) = a 2 V(x) 

V (^aAa. (^') = [ E (‘M'-'a. L?') — ( E (^ala l^') )] 

V(ax + b) = [ E(ax + b) 2 - (E{ax + b )) 2 ] 

= E(a 2 x 2 + 2 abx + b 2 ) — [ a(E(x)) + b] 2 
= a 2 E{x 2 ) + 2abE(pc) + b 2 — |a 2 (£■(%)) 2 + 2abE(pc) + b 2 j 
= a 2 [ECx 2 )-(EM) 2 ] = a 2 V(x) 


(5) The r th moment 


About mean 

About origin 

Mr 

Mr 

=t 

1 

II 

Mr = £(x r ) 

Mo — 1 

M(, = F(x°) = £(l) = l 

Mi = E(x-n) = 0 

Mi = £(*) = M 

H 2 =E{x-h) 2 = V{x) 

M 2 = E (x 2 ) 


3 

1 

"a! 

II 


ix 2 =ix' 2 - Q4) : 














(6) The Moment Generating Function 


MAt) = 

■- E(e xt ) 

C.R.V 

D.R.V 

M z (t) = J e xt f(x)dx 

M x {t) = Y.e xt fix) 


Properties of M x (t) 


(1 )Mr = E(x r ) = 


d r M x {t ) 
dt 


@t = 0 


E{x ) = M' x (0) , E(x 2 ) = M" (0) .... E{x n ) = M x (0) 


(2 )M x+a {i) = e at M x (t) 
(3 )M bx (t) = M x (bt) 


(4) generalization 
M bx+a = e at M x {bt) 


show that M x+a = e at M x (t ) and M bx (t) = M x {bt ) 

M* +a (t) = £( e Cx+a ^) = E (e at e xt ) = e at E ( e xt ) 
M bx {t) = E ( e bxt ) = E ( e* (bt) ) = M(bt ) 









Probability Distribution 


[1] Discrete probability distribution 


An experiment will have two events their probability are P and Q and test is repeated n times so we know the type of 

distribution 


name 

n 

Dist f(x) 

p or E(x) 

nx) 

M x (t) 

Notes 

Bernoulli 

n =1 

pXq i- x 

x = 0,1 

P 

pq 

q + pe l 

D Aj^aull dll j-a 
<J^>^ill IgJ l_ij^j fi^a 
(jjjjl ^j-a (jLail^.1 cilliA 

q(fail) jl p(success) 

In single trial p+q =1 

x = number pf success 

Binomial 

b(x,n,p ) 

n < 50 

C” p* q n 
x = 0,1,.., n 

np 

npq 

(q + pe £ ) n 

Poisson 

P(x-,X) 

n > 50 

e~ x X x 

x\ 

X = np 
x = 0,1,..,n 

X 

X 


-ve Bionomial 

f(x; l, p) 

Unknown 

c£SpV-‘ 

x = k,k + 1,... 

k 

V 

kq 

P 2 


X : number of trial until 
r th success is observed 

Geometric 

G(x) 

Unknow 

pq xl 
x = 1,2,3,... 

1 

P 

q 

p 2 

pe l 

1 - qe l 

Special case of Geom. 

r=l 

x : no of trial until first 

success is observed 


Proofs 

Find the value of E(x), V(x),M x (t) for Bernolli distribution 


X 

0 

i 

P(X) 

q 

p 


E{x) = Y,xf(x ) = (0)(qr) + (l)p = p 

V(x) = £(x 2 ) - (EM) 2 = (0 2 )(<7) + (l 2 )(p) - v 2 = P(1 -P) = PQ 
M x (t ) = E(e xt ) = Y.e Xit f(xi ) = e ot R + p = q + pe t 


Binomial 

dllj til j£La jA JaJl ^ dlljl ^ULa 

(a + f>) n = ^ a x b n ~ x 

x=0 

JlSLuL C1 j!vLgIxa]I L_U^.I 

Find the value of E(x), V(jx)and M x (T)for Bionomial Distribution 
E(x) = £x/(x) = £x C x P x q n ~ x 

<" J j Combination ^ Jjjia x Uta 

fjjjall Ja^lj ^(Jjjil ijj® Jii (JJ-laJI ^lli ojjj-a jllal (jUic. ^uVill (Jjel 

































EM = 'L x l^xy. vXqn ~’ c = 1(^1 


(x-1)! (to — jc)! F ^ 
y = x — 1 -> x = y + 1 

E(x) = V_^_py+i.n-y -1 = p y < w -^ ! _ p y „(n-i)-y 

W Ly\(n-y-l)\ V q P L y \( (n - 1) - y)\ V q 

— y --——r- p y q^ n ~D-y = np y Cy _1 p y = np(p + q) n_1 = np * 1 

y! ((n — 1) — y)\ V 

7(x) = £ (x 2 ) - (£(x)) 2 

£(x(x - 1)) = E(x 2 - x) = £(x 2 ) - E(x) 

E (x 2 ) = £(x(x - 1)) + £(x) -» (1) 

B ( I (* - «) = Z 1(1 " 15 *!(„-*)! P*?”"* 


=Z(^ 


(x — 2)! (n — x)! P q 


let y (x — 2) -» x = y + 2 

n i 

p y v 2 q(n 


Sy!((n- 


■ j y!((n-2)-y|! 

n(n - l)p 2 y (n ~ 2)! p* (? (n - 2) - y = n(n - l)p 2 V C?" 2 p* q^ 2 ^ 
L—t y! ((n — 2) — yj! ^ 

= n(n — l)p 2 (p + q) n_2 

£(x(x - 1)) = n(n - l)p 2 

••• EM 2 = E(x(x — 1)) + £(x) = n(n — l)p 2 + np 

••• 7(x) = £(x 2 ) - (£(x)) 2 = n 2 p 2 - n(n - l)p 2 + np = np(l - p) = npq 


x (t) = ^ e xt /(x) = Y.e xt c x V x q n x 

(t) = ^ C£ q n_ * (pe f )* = (pe f + q) n 


Poisson 

Find the value of ^(x), 7 (x)and M x (T)for Poisson Distribution 

A* A* 


£(x) = £*/(*) = — e A = e A ^ 

let y = x — 1 -» x = y+ l 
V^ y *^ _ 5 V^ y 

= e Zyd - = e A = e 

••• £(*) = A 


(x — 1)! 


= np 












vix) = E{x 2 ) - (EM) 2 

E(x{x - 1)) = E(x 2 ) - E(pc) => E(x 2 ) = £(x(l - x)) + E(x) 
E(x(X- 1)) = £*(* - l)f(x) = £ x(x - 1) 

•'• = e " 5 'Z(^2j! let y = x- 2 , * = y+2 

v^A^A 2 , , , , 

Z_i y! 

E{x 2 ) =A 2 +A 

F(x) = A 2 + A - A 2 = A 
V(x) = A 

M x (t ) = £(e xt ) = ^ e xt 

_ g—A V ^ _ e -A e Ae‘ _ gA(e t -l) 

Z_i x! 

Show that lim b(n,x,p) = p(x,A) 

n-> oo 

Where 

b(n, x, p)is P.M.F f Monomial distribution 
P(x,A) is P.M.F of poisson distribution 


b (n,x,p) = C" p x q n x ,p(x,A) = 


lim b(n,x,p) = lim 


n->oo x! (n — x)! 

q\' 


lim b(n,x,p) = lim 


NOTES : A = np ; lim (l + ~) = e q 

n—>oo V n J 

X X 

p = - ;q = l-p = l- 

n n 

n(n — l)(n — 2) ... (n — x — l)(n — x)! X x (^ X' 




A x n n — 1 n — 2 

= — lim - *-*-* 

x! n->oo n n n 


x! (n — x)! 

n — x — 1 / A\ n / A\‘ 

*- * lim 1-- * lim (1-) 


--My) # 


=^a)^(i) = | e - 






Geometric 


' i Vnni till__><JI (ja 00 Ale. jjSjj j P j q jiilaJ ('“'<'1 
111(j<J q s jj$Ja l$ll3 tlll^all X *dl I (^ill tll-laJI jj$Ja (JLoJ^I 

(Remarks) 

1 


1-x 


= 1 + X + X 2 + x 3 + ■■ 


z- 

n=0 

77 = 0 + 1 + 2 x + 3x 2 H— = V nx ” _1 

(i - x y 41 


( 1 -x ) 2 


dxV(l-x) 2 / 




= x + 2x 2 + 3x 3 + ••• 

e m = £ ^x))“ 

n=0 

(1 — x) 2 (l) + 2x(l — x) 1 + X 




(x-1) 3 


■ „. 1 + * =l + 4* + 9 * 2 + - = Y n 2 x"-‘ 
fro 

Find the value of ^(x), V(jx)and M x (T)for Geometric Distribution,Fix') = pq x_1 , 


E (*) = ^xf(X) = ^ xpq* 1 = p ^ xq x 1 


£(x) = p [ 1 + 2q + 3<7 2 + 4 q 3 H— ] 

= ^ 9 + 2(jf 2 + 3q 3 H— ] 

-SbM ^KIH 


7(x) = £(x 2 ) - (5 W) 2 

EC* 2 ) = S* 2 /M = S*W‘ = PS * 2 ? 1 - 1 = P [(^ 3 ] = P [^] = [^r] 


•■• I'M 

W-p 


1 + q 11 + q — l q 


1 , 2 ,.. 


M x ( t ) = E(e xt ) = Y,e xt f(x ) = ^ e xt pq x 1 












= pq- 


1 ^ (e £ qY = e t q + e 2t q 2 +... 


<Xui (jl*J0C- 1 


= 1 + X + X 2 + X 3 + 


■I** 


= —[ —1 + 1 + qe k + ( qe f ) 2 + {qe 1 ) 3 + ••• ] 
R 


1 - qe f 


P f 1 + <?e c + l l 
q[ l-qe* \ 


Pe l 

1 - qe 1 


[2] Continuous probability distribution 



















Normal Distribution 


Steps of solving with calculator: 

1- Convert it to standard r = x —^~ 

2- Mode -> stat -* AC -> shift + 1 -» Distrib -> Q( 




















show that the prob fn for Normal distribution fix) = e z( a ) is P.D.F 
To be PDF We need to prove 
(1) fix) >0 (2) | /(x)dx = 1 


to prove 

(1) fix) > 0 since e~°° = 0 



let y 


x — p 
a 


x = p + cry => dx = ody 


a 

cryfln 

h = 



I e 2 y2 dy (*) 

J e~2 y dy 

To Polar 

e~2 y dy * J e~2 x 

e -\{x 2 +y 2 ) dx dy 


dx 


x = rcosd ; y = r sin 9 
r 2 = x 2 + y 2 
dxdy = r dr dd 



-f(K)« 

= - f [0 - 1 ]d9 = [d]o n = 2n 

J o 


f = V27T substitute on (*) 
1 ,_ 

/ = ^=*V2tt = 1 
y[2n 





1 _I (x-ny 

Find E(x), V(x)and M x (t) for Normal distribution if f(x ) = —— e 2 U J 

oy2n 

We find M x (t) then we try to get E(x)and V(x)from it 


MJt) = E{e xt ) = f e xt * —7= e - ^^) 

J -00 0-V27T 

= 4= f * 

oy[2n J -00 

= - [ x 2 - 2\ix + n 2 — 2o 2 tx\ 

“2^2 [^ 2 -2(M + ^ 2 t> + M 2 ] 

£J^)a]| (JA& 

^ JjVI ^ JaIxa—^ — ^_gjU3l JaIxa—^ -|- 

= ~4 [(*-(f‘ + <7 2 0) 2 -(K + <7 2 S) 2 +,tl 2 ] 

= -4 [U-^ + ^t)) 2 ^ 2 ^-^ 2 ] 

I ji x 44' J Mx 4 


w,(t) = 4 = » f°° 

0-V27T 4oo 


jY*-(M+tr 2 t)V 


'>=£ 


1 ( X-(H+CT 2 


£ 


Ii = aj e~^2 dZ 

I 2 = I 1 *I 1 = a 2 J e~^r dy * J e~^~ dx 


I 2 = a 2 JJ e 2 ( xZ+yz ) dx dy 







x = rcos 9 y = rsin 9 
dxdy = rdrd 9 


It = ( 2 tt ) 0 2 ) 


M x (t) = evt+l* 2 * 2 

EM = d - [((. +I-T-CZO)] ( _ o - E 

V(x) = E(x 2 ) - ( E(x)) 2 = a 2 + fi 2 — n z = a 2 
as E(X ) = and £(x 2 ) = = (T 2 + fJ 2 



